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1 Introduction

We develop a leverage theory of tying in markets with network e¤ects. More specif-

ically, we consider a situation in which there is a monopolistic �rm in one market,

but it is unable to extract fully the whole surplus from consumers. We show that

tying allows the monopolist in this market to leverage, in a pro�table way, the un-

extracted "slack" in consumer surplus to monopolize a second market where it faces

competition if the second market is characterized by network e¤ects. We also explore

welfare implications of this tying mechanism.

The leverage theory of tying typically considers the following scenario. There is

a monopolistic �rm in one market (say A). This �rm, however, faces competition in

another market (say B). According to the leverage theory of tying, the monopolistic

�rm in market A can monopolize the second market B using the leverage provided by

its monopoly power in the �rst market through tying or bundling arrangements. The

Chicago School, however, criticized this theory and proposed price discrimination as

the main motivation for tying in replacement of the leverage theory. The gist of the

Chicago school criticism is based on the so-called "one monopoly theorem," which

states that "[a] seller cannot get two monopoly pro�ts from one monopoly." (Blair

and Kaserman, 1985).

In the presence of imperfect rent extraction in a monopolized market and network

e¤ects in a market where the monopolist faces competition, we demonstrate that

tying can be a mechanism through which the unexploited consumer surpluses in the

monopolized market are used as a demand-side leverage to create a strategic "quasi

installed-base" advantage in the competing market.

In markets with network e¤ects, consumer utility consists of stand-alone bene-

�ts and network bene�ts. Under independent pricing, all �rms compete on a level

playing �eld. Even though markets with network e¤ects are typically characterized

by tipping equilibria in which all consumers choose the same product with maxi-

mal network bene�ts, the network-augmented utility component is competed away

in equilibrium. With tying, the tying �rm (say, �rm 1) can use the unexploited

consumer surplus in the tying market in competition against a rival �rm in a tied
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market, and we show that this advantage allows the tying �rm to capture the net-

work component of consumer surplus and can make tying pro�table even against

more e¢ cient rival �rms.

More precisely, consider a situation in which consumers in the monopolized mar-

ket are heterogeneous and some consumers receive surplus. In such a scenario, high

valuation consumers who enjoy high surplus in the monopolized market A may pre-

fer to purchase the bundle even if all other low valuations consumers purchase the

rival �rm�s product B (called B2). The existence of such consumers ensures a certain

portion of the guaranteed market share for the tying �rm (�rm 1), which is akin to

�rm 1 having an installed base. This advantage in terms of the quasi installed base

can in turn induce low valuation consumers prefer to purchase the bundle instead of

buying B2. We show that this process of iterated elimination of dominated strategies

can lead to a tipping toward the bundle.

To illustrate our mechanism, we �rst consider a situation in which the tying good

market is covered (i.e., all consumers purchase the tying product) under independent

pricing. In this case, we show that pure bundling is an optimal strategy. In general,

when the tying good market is not covered under independent pricing, �rm 1 �nds

it optimal to use a mixed bundling strategy in which consumers can choose between

buying the bundle (A� B1) and buying its product B1 only. This mixed bundling

enables �rm 1 to screen consumers with respect to their willingness to pay for the

monopolized product A while maximizing the network e¤ects from product B. When

the number of consumers buying the bundle is large enough, �rm 1 is able to sell even

its inferior B1 as a stand-alone product with a pro�t against product B2, leading to

further extraction of consumer surplus.

We can contrast this result with Whinston�s (1990) analysis that has revived the

leverage theory of tying. He shows that if the market structure in the tied good

market is oligopolistic with scale economies, tying can be an e¤ective and pro�table

strategy to alter market structure by making continued operation unpro�table for

tied good rivals. It is important to keep in mind, however, that in Whinston�s

model, inducing the exit of the rival �rm is essential for the pro�tability of tying

arrangements. Thus, if the competitor has already paid the sunk cost of entry and

2



there is no avoidable �xed cost, tying cannot be a pro�table strategy. In addition,

Whinston�s model requires irreversible tying (or technical tying) as a commitment

to foreclose sales in the tied market; without commitment any equilibrium outcome

is equivalent to the one under independent pricing. In contrast, our mechanism

requires neither the commitment power of the tying �rm nor the exit of the rival.

As we can easily verify, if network e¤ects are absent, we replicate his result that

bundling is not pro�table if �rm 2�s exit is not induced. However, in the presence

of network e¤ects, bundling can be pro�table even if �rm 2 stays in the market and

exerts competitive pressure on �rm 1. Our mechanism thus does not require the

commitment assumption with technical tying as we show that mixed bundling is a

best response which strictly dominates independent pricing as long as the number

of consumers buying the monopolized product under independent pricing is large

enough. Tying can lead to the exclusion of more e¢ cient rival �rms in the tied

market, but expand the tying good market if the latter market is not covered with

independent pricing. Welfare implications depend on the relative magnitudes of

these two opposing e¤ects. However, if the tying market is already covered under

independent pricing, tying unambiguously reduces welfare.

We �rst develop our theory in the context of independent products to illustrate

how network e¤ects in the tied good market may provide incentives to tie. We then

extend our analysis to the case of complementary products because most tying cases

involve products that are complementary. With pure monopoly in the tying prod-

uct market, we con�rm the Chicago school critique that tying cannot be a leverage

mechanism even with network e¤ects. However, pure monopoly with absolutely no

competitive products is rare. We show that in the presence of an inferior alterna-

tive to the tying good market we can restore our mechanism with parallel results

to the independent products case; we formally demonstrate the equivalence of the

complementary products case to the independent products case, where the inferior

alternative in the tying market playing the role of no purchase option in the inde-

pendent products case.

Our analysis can be used to develop a theory of harm for tying cases when network

e¤ects are critical in the determination of the market winner. As we discuss in more
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detail in Section 7, our model can be applied to the recent Google case concerning its

tying practice that requires Android OEM manufacturers to pre-install the Google

search app as a condition for licensing Google�s app store (the Play Store). This

example can be considered an application with independent products. In contrast,

the Microsoft case in Europe (IP/04/382) in 2004 can be considered as an application

with complementary products in which Microsoft tied its Windows Media Player

(WMP) to its dominant Windows operating system.

Greenlee et al. (2008) develop a theory of tying based on imperfect rent extraction

as in our paper. They analyze a setting in which the monopolist in the tying product

market is unable to fully extract consumer surplus with linear pricing due to elastic

demand. They show that tying can be a pro�table strategy by reducing the price

of the tying product in the bundle while increasing that of the tied product from the

competitive level, which makes consumers indi¤erent with the bundle relative to the

case in which they purchase the two products independently. Their analysis, however,

assumes a competitive fringe in the tied good market with the prices of the tied good

competitors given. In addition, their model has di¤erent welfare implications: mixed

bundling in their model is welfare enhancing because it leaves consumers indi¤erent

to induce them to choose the bundle.

Calzolari and Denicolo�s (2015) theory of exclusive dealing is also based on uncap-

tured consumer surplus. They consider a situation in which there is a dominant �rm

with a competitive advantage, but buyers are able to obtain information rents due to

private information even if they deal exclusively with the dominant �rm. Without

exclusive dealing, the dominant �rm needs to compete for each marginal unit of a

buyer�s demand, which requires a limit pricing strategy to exclude rival �rms. With

exclusive dealing, the dominant �rm competes for the entire volume demanded by

a buyer. This change enables the dominant �rm to exclude rivals by leveraging on

the information rents left on inframarginal units. Thus, the dominant �rm is able to

exclude rivals with a lower discount with the imposition of exclusive deals. In our

model, we assume unit-demand for each consumer. With heterogeneity of consumers,

our mechanism leverages on the network e¤ect provided by inframarginal consumers

who are "committed" to the bundle.
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Carlton and Waldman (2002) are closely related to our paper in that their theory

is also based on network e¤ects in the tied good market. They consider a dynamic

two-step entry process for a potential entrant to complementary markets. In their

two-period model, only market B is under the threat of entry in the �rst period. If

the entrant successfully enters the market and builds its installed base, it is able to

enter the primary market (A) in the second period. Tying deprives the entrant of the

ability to build an installed base and safeguards the tying �rm�s monopoly position in

the primary market from future entry. The purpose of tying is to preserve its market

power in the primary market, even though it may entail short-run losses, rather than

extend its monopoly power to an adjacent market. Our leverage mechanism does

not rely on dynamic arguments because there are short-run incentives to foreclose,

and thus is more compelling. Fumagalli et al. (2018) provide an excellent survey of

tying as an exclusionary practice along with discussions on major antitrust cases.

The rest of the paper is organized in the following way. In Section 2, we illustrate

the main intuitions behind our tying mechanism through a simple example with

discrete consumer types. In Section 3, we describe our baseline model for independent

products with a more general demand structure. In Section 4, we analyze the baseline

model in which the tying market is fully covered under independent pricing. In

Section 5, we extend the analysis to the case in which the tying market is partially

covered under independent pricing and uncover the role of mixed bundling as a

screening device, which can further increase the tying �rm�s pro�ts. In Section 6, we

consider complementary products, and show that we can derive parallel results to the

independent products case if we assume an inferior alternative to the monopolized

tying good. We apply our theory to the recent antitrust cases involving Google and

Microsoft with concluding remarks in Section 7. Detailed proofs are relegated to

the Appendix.

2 An Illustrative Example

To explain the main mechanism and intuition behind our model, we provide an

illustrative example. There are two markets A and B. Market A is served by a
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monopolist called �rm 1. In market B, �rm 1 and �rm 2 compete. These two

products are independent. Firms� production costs are normalized to zero in all

markets. There are two consumers.

2.1 Market A

The two consumers are heterogeneous in terms of their valuations for product A.

One is a high (H) type consumer and the other is a low (L) type consumer. Each

type consumer�s willingness to pay for product A is given by uk, where k = H;L;

with uH = uL+ s > uL > 0 so s > 0. We assume that uL > s. This implies that the

optimal monopoly price is p�A = uL and the high type consumers receive a surplus

of s: An important feature of market A is that �rm 1 is unable to extract the whole

surplus in the market despite its monopoly power.

2.2 Market B

Market B is characterized by network e¤ects. The two products B1 and B2 are

not compatible with each other. In this market, we assume that the two consumers

have the same preference. More speci�cally, �rm i�s product provides a stand-alone

value of vi to consumers, where v2 > v1 > 0. If the two consumers purchase the

same product i, there are additional network bene�ts of n with a total value of

vi + n. In other words, given that a consumer buys product Bi, her gross surplus is

vi (respectively, vi+ n) if she is the only consumer buying the product (respectively,

if the other consumer buys also the same product).

2.3 Independent Pricing Equilibrium

We �rst analyze the market equilibrium when the two products are sold indepen-

dently by �rm 1. In this regime, the two markets can be analyzed independently. As

usual in a market with network e¤ects, there can be multiple equilibria in market B

due to positive consumption network e¤ects if � � v2 �v1 < n; which we assume.
Note that under this assumption, there is no equilibrium in which the two consumers
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choose di¤erent products given any con�gurations of prices (pB1 ; p
B
2 ); in equilibrium,

either both consumers purchase B1 or B2.

2.3.1 Equilibrium with Coordination on B1

Due to consumers�coordination failure, there is an equilibrium in which the inferior

product B1 wins in the market. The possibility of coordination failure also admits

multiple pricing equilibria.1 More speci�cally, any price pB1 2 [0; n � �] can be
sustained as an equilibrium price of B1 with all consumers purchasing B1 because

such prices satisfy the following condition which implies that no consumer has an

incentive to change his purchasing behavior even if �rm 2 o¤ers product B2 at a zero

price.

v1 + n� pB1 � v2

In an equilibrium in which consumers coordinate on B1, �rm 1�s overall pro�t is

given by

��1 = �A�1 + �B�1 2 2 � [uL; uL + (n��)];

with the maximum possible pro�t being 2 � [uL + (n��)]:

2.3.2 Equilibrium with Coordination on B2

In this equilibrium, consumers coordinate on the superior product B2. Once again,

there can be multiple pricing equilibria. By the same logic above, any pB2 2 [0; n+�]
can be sustained as an equilibrium price of B2 with all consumers purchasing B2:

In any equilibrium where consumers coordinate on B2, �rm 1�s pro�t in market B is

zero. The overall pro�t for �rm 1 is given by

��1 = �A�1 + �B�1 = 2uL + 0 = 2uL:

1If we make an assumption that consumers can coordinate on the Pareto-optimal outcome, there
is no equilibrium in which consumers coordinate on B1.
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2.4 Equilibrium with Tying

Now suppose that �rm 1 engages in tying: it bundles its monopolized product A

with product B1; and sells the bundle at the price of eP . Let epB2 denote �rm 2�s price
for product B (B2) under the tying regime. To show that tying can be pro�table

for �rm 1 and to reduce the number of cases to consider, we make the following

assumption:

s > 2n (1)

We show that under the assumption above, �rm 1 is able to use tying as a

leverage mechanism to monopolize market B with a divide-and-conquer strategy.

The argument shows that there is a unique equilibrium in which consumers�choices

are pinned down by iterated dominance. The leverage mechanism with two discrete

type consumers operate in two steps. First, tying allows �rm 1 to leverage the surplus

slack from the monopoly product A that is enjoyed by the high type consumer to

gain purchases of B1. Once the high type consumer is secured to buy the bundle, the

tying �rm achieves a strategic advantage for the low type consumer as if the tying

�rm had the high type consumer as an installed-base of its product. These network

bene�ts allow the tying �rm to induce the low type consumer to buy the bundle as

well.

To illustrate the existence of a pro�table bundling deviation from the indepen-

dent pricing equilibrium, we �rst show that �rm 1 can strictly win both consumers

by switching to a bundle at price eP = uL, giving it the same pro�t as in the inde-

pendent pricing equilibrium with consumers coordinating on B2:With eP = uL; it is

a dominant strategy for the H consumer to purchase the bundle because the bundle

is preferred even under the most unfavorable condition that B2 is o¤ered free and

the other consumer purchases B2.

H : (uH + v1)� eP = s+ v1 > v2 + n;

which is satis�ed under our assumption (1). Given that the consumer H purchases

the bundle, it is also optimal strategy for the consumer L to purchase the bundle
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even if B2 is o¤ered free.

L : (uL + v1) + n� eP = v1 + n > v2

under our assumption n > �: If the equilibrium under independent pricing is the

one with consumers coordinating on B2, the logic above makes it clear that �rm

1 can actually deviate and win everyone at a higher pro�t because both incentive

compatibility conditions are satis�ed with strict inequality.

We now derive the equilibrium outcome under tying and show that tying is al-

ways more pro�table than independent pricing unless the equilibrium outcome under

independent pricing is coordination on B1 with the maximum price of pB1 = (n��),
in which case tying yields the same pro�t for �rm 1. More precisely, we analyze the

best response price eP for �rm 1 given ep2. We show below that for any given ep2 � 0,
it is optimal for �rm 1 to sell the bundle to both types of consumers instead of selling

it to the high type consumer only. This implies that there is a unique equilibrium

which involves tipping toward the bundle.

De�ne ePH ( ePL) as the bundle price which makes the high type consumer (low
type consumer) indi¤erent between buying the bundle and buying B2:

H : (uH + v1)� ePH = v2 + n� ep2;
L : (uL + v1) + n� ePL = v2 � ep2:

Note that in the �rst equality, we assume that the low type consumer buys B2 while

in the second equality, we assume that the high type consumer buys the bundle.

Under our assumption (1), we can easily verify that ePH > ePL: This implies that
if eP = ePL, it is a strictly dominant strategy for the H-type consumer to buy the
bundle, which also induces the L-type consumer to buy the bundle. Then, for anyep2 � 0, the pro�t from choosing eP = ePL and selling the bundle to both consumers is
higher than the pro�t from choosing eP = ePH and selling the bundle to the H-type
consumer only:

2 [uL + n��+ ep2] > [uH � n��+ ep2] ;
9



which is satis�ed for any ep2 � 0:2 Hence, for any ep2 � 0, �rm 1�s best response

consists in choosing eP = ePL.
In the unique equilibrium with tipping toward the bundle, ep�2 = 0 and eP � is

chosen to make the low type consumer indi¤erent between buying the bundle and

buying B2:

(uL + v1) + n� eP � = v2:

Hence, the tying �rm�s pro�t is

e�� = eP � = 2[uL + n|{z}
Network E¤ects Advantage

Due to Demand Leverage via Tying

��]

� ��1 2 2 � [uL; uL + (n��)]

We can conclude that tying is more pro�table than independent pricing except in

the most favorable case for �rm 1 that arises due to consumers�coordination failure

under independent pricing (in which case tying provides the same pro�t). As market

B always tips toward product B1 under tying, social welfare decreases by � if the

equilibrium under independent pricing is coordination on B2.3

In the next sections, we show that this mechanism applies more broadly with a

general demand function. In addition, we show how mixed bundling can be used to

screen consumer types to further increase the tying �rm�s pro�ts.

3 The Baseline Model

We lay out a more general model of tying in markets with network e¤ects. As in

the illustrative example in the previous section, we study the case where products

A and B are independent and can be used separately. Market A is monopolized by

2The condition is satis�ed for all ep2 � 0 if uL � s + 3n �� > 0; which always hold under our
assumption that uL > s and n > �:

3By the same token, if we consider a case in which B1 is superior to B2 with v1 > v2, tying also
allows a better product B1 to break an equilibrium in which consumers fail to properly coordinate
on B1 with independent pricing. In this case, tying is socially optimal.
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�rm 1. In market B, there exist direct network e¤ects, �rm 1 and �rm 2 compete,

and consumers have homogenous valuations: their willingness to pay for each �rm�s

product is given by v1+�N1 > 0 and v2+�N2 > 0, respectively, where v1 > 0; v2 > 0,

� > 0, and Ni represents the number of consumers using �rm i�s product B. We

normalize the total number of consumers to 1. All marginal costs are zero.

At the heart of our leverage mechanism is "unexploited consumer surplus" in

the tying market which can be used in competition with a competitor in another

market. If there exist high valuation consumers who receive su¢ ciently large con-

sumer surpluses, they may be willing to purchase the bundle (rather than product B2

only) even if all other consumers purchase B2. The existence of such high valuation

consumers in market A provides a demand-side leverage for �rm 1 akin to having

an installed base. If network e¤ects are su¢ ciently strong, this strategic advantage

would more than make up for any quality disadvantage of �rm 1 and enables �rm 1

to extract surplus from network e¤ects, which makes tying pro�table. The mecha-

nism we have is very robust and can be applied to any tying market with unexploited

consumer surplus.

More speci�cally, we consider heterogeneous consumers in market A. We assume

that consumers�valuations for product A, denoted u, are distributed on [�; � + u],

where � represents the lower bound for the consumers�valuations.4 Let us de�ne a

consumer�s type as x = u��, which is assumed to be distributed on [0; u] according
to a c.d.f. G with a strictly positive density g:5

Let pA be the price of product A. With a change of variables of p = pA � �;we

have a demand function D(p) = 1�G(p) in market A. We assume that G(:) satis�es
the monotone hazard rate condition, that is, g

1�G is strictly increasing. In market A,

with independent pricing �rm 1 chooses p on the consumer side to maximize

max
p
(p+ �) [1�G(p)] :

4Consider a product that has a basic functionality plus some additional features. We can imagine
a situation in which the basic functionality provides the same utility of � to all consumers, but
additional features may generate di¤erent levels of extra utility to consumers, which is distributed
on [0; u].

5We admit the possibility that u =1:
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Remark 1. Our model can also be applied to two-sided markets where in market
A �rm 1 is a two-sided platform that receives advertising revenue whenever it is

chosen by a consumer. If we assume that there is an associated advertising revenue

of � > 0 for each consumer in market A and consumers�valuations for product A is

distributed on [0; u];our one-sided market model is isomorphic to a two-sided model

with additional advertising revenue per consumer. change "consumers receive" to "in

market A �rm 1 is a A two-sided platform that receives advertising revenue whenever

it is chosen by a consumer."

In the baseline model, we assume that in market A, � is su¢ ciently large so that

�rm 1 serves all consumers with the price of pA = � (or equivalently, p = 0). This

condition is given by Assumption 1.

Assumption 1 (Full Market Coverage).

� � 1�G(0)

g(0)
=

1

g(0)
:

Section 5 analyzes the case in which Assumption 1 is not satis�ed. In market B,

we make the following assumption:

Assumption 2.

� � v2 � v1 > 0;� < � <
1

2g(x)
for all x 2 [0; u]:

� > 0 means that �rm 2�s product (B2) has higher quality than �rm 1�s (B1).

� > � means that network e¤ects are su¢ ciently important relative to the qual-

ity di¤erential �: if all consumers buy product B from �rm 1, then its (network-

augmented) quality v1+� becomes higher than that of the rival v2. � < 1= [2g(x)] is

a stability condition in the tying regime; otherwise, the network e¤ects may make the

demand tip to one product and an interior equilibrium, if it exists, can be unstable.6

6IfG is uniform, � < 1
2g(x) =

u
2 is the necessary and su¢ cient condition for an interior equilibrium

to be stable. For general distributions, it is a su¢ cient, but not necessary, condition for the stability
of an interior equilibrium because the violation of the condition implies only local instability.
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Our analysis is robust to alternative assumptions. After analyzing our model under

Assumption 2, we observe that our results do not change when � is large enough

that Assumption 2 is violated.

We consider two simultaneous pricing games and compare them. In the absence

of tying, �rm 1 chooses pA1 for product A and p
B
1 for product B1 and �rm 2 chooses

pB2 for product B2. With tying, �rm 1 chooses eP for the bundle of product A and

B1 and �rm 2 chooses epB2 for product B.
4 Analysis of the Baseline Model

We here analyze the baseline model. In the rest of the paper, we restrict attention to

coalition-proof Nash equilibrium (CPNE) of the consumer response, a stronger notion

of self-enforceability that accounts for coalitional deviations [Bernheim, Peleg, and

Whinston (1987)]. We use this re�nement of Nash equilibrium to simplify exposition

and avoid the issue of multiplicity of equilibrium. One implication of the "coalition-

proofness" in consumer response is that when players have identical preferences they

coordinate on the Pareto-optimal outcome.

4.1 Independent Pricing Equilibrium

In the absence of tying, the two markets can be analyzed independently as we assume

independent products.

In market B, all consumers have the same preference. Since we restrict our

attention to CPNE of the consumer response, there is a unique equilibrium which

consists in tipping toward �rm 2�s product.7 In the equilibrium, �rm 1 charges

zero price (pB1 = 0) and �rm 2 charges pB2 = �. With independent pricing, B1

and B2 compete on a level playing �eld with no �rm having advantage in network

e¤ects. As a result, the network-augmented utility component is competed away;

the equilibrium prices do not contain parameter �.

7As standard in the literature, we make the tie-breaking assumption in favor of the �rm that
can o¤er the highest consumer surplus to avoid the open set problem.
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Let �A�1 (�B�2 ) represent �rm 1�s (�rm 2�s) pro�t from market A (B). Without

tying, each �rm�s pro�t is given by

��1 = �A�1 = �; (2)

�B�2 = �:

Summarizing, we have:

Proposition 1. Suppose Assumptions 1 and 2 hold. Consider the case without tying.
(i) In market A, �rm 1 charges pA�1 = � and receives a pro�t of �A�1 = �.

(ii) In market B, �rm 1 charges zero price (pB�1 = 0) and �rm 2 charges pB�2 = �;

�rm 2�s pro�t is �B�2 = �.

4.2 Tying

Market A is covered under independent pricing in the baseline model analyzed in

this section. We thus consider only tying with pure bundling. As will be clear from

the analysis of Section 5, limiting our attention to pure bundling is without any

loss of generality.8 In the next section, we consider a case where market A is not

fully covered under independent pricing and derive conditions under which mixed

bundling can be more pro�table.

In the presence of tying, let eP be the price of the bundle of �rm 1 and let epB2 be
the price of �rm 2�s product B. Given a pair of prices

� eP ; epB2 �, any equilibrium in

consumers�choices has the cut-o¤ property because if a consumer prefers the bundle

to B2, any consumer whose valuation for A is higher would also prefer the bundle:

there will be a critical type with the property that all higher types will purchase the

bundle. If we have an interior equilibrium in which both �rms have positive market

shares, the critical consumer type (represented by ex) is indi¤erent between the bundle
8Section 5 shows that when the monopolized market is not fully covered under independent

pricing, �rm 1�s use of mixed bundling expands the number of consumers buying the monopolized
product (by purchasing the bundle). Here, in Section 4, we consider the case in which the monopo-
lized market is fully covered under independent pricing and pure bundling leads to tipping toward
the bundle as the unique outcome. Since there is no market expansion, even if �rm 1 uses mixed
bundling, it will obtain the same tipping outcome.
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(A � B1) and 2�s product (B2) with G(ex) representing the market share of �rm 2

(i.e., 1 � G(ex) is the market share of the bundle). The next lemma characterizes
the equilibrium outcome in consumers�choices with using the change of variables

P = eP ��. In particular, we show that an interior equilibrium exists only when the
price pair

�
P; epB2 � satis�es the following condition.9

� �� <
�
P � epB2 � < u� � �� (3)

Lemma 1. Given
�
P; epB2 �, the unique outcome in consumers�choices that survives

iterated deletion of dominated strategies is as follows:

(i) If (3) holds, consumers whose valuation for A is higher than ex� 2 (0; u) purchase
the bundle while consumers whose valuation is lower than ex� purchase B2, where ex�
satis�es ex� + v1 + �(1�G(ex�))� P = v2 + �G(ex�)� epB2 : (4)

(ii) If
�
P � epB2 � � � ��, all consumers purchase the bundle (i.e., ex� = 0).

(iii) If
�
P � epB2 � � u� � ��, all consumers purchase B2 only (i.e., ex� = u) .

Proof. Let  (t; x) be the payo¤ gain from purchasing the bundle over purchasing B2

for a type t consumer (i.e., whose willingness to pay for A is �+ t) if all other players

whose types are higher than x choose the bundle.

 (t; x) = t+ �(1� 2G(x))���
�
P � epB2 � :

Notice that  (t; x) is continuous in t and x, increasing in t; and decreasing in x: As

in the analysis of global games, we can use an induction argument to set in motion

the process of iterated deletion of dominated strategies.10

(i) If
�
P � epB2 � < u����, we can easily check that even when all other consumers

are expected to choose B2 (i.e., x0 = u) , it is optimal to choose the bundle for any

9Note that under our Assumption 2, u� � �� > � �� > 0. See the proof of Lemma 3.
10For an excellent survey of global games, see Morris and Shin (2010).
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consumers whose type is higher than x1 = � + � +
�
P � epB2 � < u = x0: Given

that at least a measure of 1 � G(x1) consumers choose the bundle, we can derive

another cut-o¤ value x2 < x1: Note that xn is a decreasing sequence. Similarly,

if � � � <
�
P � epB2 �, then even when all other consumers are expected to choose

the bundle (i.e., x0 = 0), it is optimal to choose B2 for any consumers whose type

is lower than x1 = �� + � +
�
P � epB2 � > 0 = x0: Given that at least a measure

of G(x1) consumers choose B2, we can derive another cut-o¤ value x2 > x1: Note

that xn is an increasing sequence. Thus, when � � � <
�
P � epB2 � < u � � � �;

the continuity of  (t; x) and the way the two sequences xn and xn are constructed

imply that  (x; x) =  (x; x) = 0, where x = lim
n!1

xn and x = lim
n!1

xn: De�ne 	(x) as

follows:

	(x) �  (x; x) = x+ �(1� 2G(x))���
�
P � epB2 � :

Note that under Assumption 2, 	(x) is increasing in x because

	0(x) = 1� 2�g(x) > 0:

When � �� <
�
P � epB2 � < u � � ��, we have 	(0) < 0 < 	(u): Therefore, ex� is

the unique solution to 	(x) = 0, which is an equivalent condition to (4).

(ii) If
�
P � epB2 � � ���, the process of iterated deletion of dominated strategies

leads to ex� = 0 because 	(0) > 0:
(iii) Similarly, if

�
P � epB2 � � u � � � �, the process of iterated deletion of

dominated strategies leads to ex� = u because 	(u) < 0:

Lemma 1 immediately indicates that there is a pro�table deviation for �rm 1

from the independent pricing equilibrium in which all consumers buy B2. Consider

a strategy for �rm 1 to tie the two products and sell the bundle at a price of eP =

�+(� � �) (i.e., P = � � �). Then, for any price epB2 � 0, all consumers buy the

bundle and �rm 1 receives a pro�t of �+ (� ��) > � = �A�1 .

In what follows, we show that there is a unique equilibrium, which involves tipping

toward the bundle.

Lemma 2. Under Assumptions 1 and 2, there is no interior equilibrium in which
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both �rms have positive market shares.

Proof. Suppose that there is an interior equilibrium with ex 2 (0; u): In such an

equilibrium, we have

ex+ v1 + �(1�G(ex))� P = v2 + �G(ex)� epB2 : (5)

Then, (5) can be written as follows:

P = �(ex) + epB2 ;
where �(x) = x + �(1 � 2G(x)) � �. Given epB2 , there is one-to-one relationship
between P and ex because �(x) is increasing in x with �0(x) = 1� 2�g(x) > 0. Thus,
we can write �rm 1�s maximization problem as

Maxex e�1(ex; epB2 ) = ��(ex) + epB2 + �
�
� (1�G(ex))

Similarly for �rm 2, given P; there is one-to-one relationship between epB2 and ex: Firm
2 solves

Maxex e�2(ex;P ) = [P � �(ex)] �G(ex)
The best responses for each �rm are characterized by the following �rst order

conditions.
@e�1
@ex = �0(ex)(1�G(ex))� ��(ex) + epB2 + �

�
g(ex) = 0; (6)

@e�2
@ex = ��0(ex)G(ex) + [P � �(ex)] � g(ex) = 0: (7)

By adding (6) and (7), we can derive the following condition:

P � epB2 = (1� 2G)�0

g
� � =

(1� 2G)(1� 2�g)
g

� �: (8)

For the existence of an interior equilibrium, we need to have ex 2 (0; u): Note that
�(0) = � � � > 0, which implies that �(ex) > 0 for any ex 2 (0; u) because �(x) is
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increasing in x: This, in turn, implies that we need to have

P � epB2 (= �(ex)) > 0:
However, condition (8) implies that P � epB2 < 0. This is trivially so if 1 � 2G(ex). If
1� 2G(ex) > 0, then we have

P � epB2 = (1� 2G)(1� 2�g)
g

� � <
(1�G)

g
� � <

1

g(0)
� � < 0

by Assumption 1. We thus have a contradiction; there is no interior equilibrium.

Lemma 2 implies that the market equilibrium cannot be an interior equilibrium

with both �rms having positive market shares. The following lemma shows that

there is no tipping equilibrium towards �rm 2�s product, either.

Lemma 3. There is no equilibrium with tipping toward product B of �rm 2.

Proof. We �nd that under Assumption 2, the surplus slack from A is such that the

consumer with the highest willingness to pay strictly prefers the bundle to product

B of �rm 2 at price P = 0 (i.e., eP = �) even if the rival chooses epB2 = 0:
u > �+ �:

To see this, note that
Z u

0

g(x)dx = 1 � gu, where g = max
x
g(x) for x 2 [0; u]: This

implies that u � 1
g
> 2� > �+ �: Hence, the market share of the bundle is strictly

positive at eP = � and epB2 = 0; therefore, there is no equilibrium with tipping toward
product B of �rm 2. �

We now look for a tipping equilibrium toward the bundle. In such an equilibrium,

we have epB2 = 0: When epB2 = 0, the �rst-order derivative of �rm 1�s pro�t is

@e�1
@P

�����epB2 =0 =
�
1�G

�
��1 (�� � + P )

��
� (P + �) g

�
��1 (�� � + P )

�
�0�1;

where �(x) � x� 2�G(x).
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From Lemma 1, P � � ��(> 0) generates tipping when epB2 = 0. We can verify
that

@e�1
@P

�����
P=���;epB2 =0

< 0:

In other words, increasing P above � �� reduces �rm 1�s pro�t, which establishes

it as a local maximizer. In the Appendix, we prove that P = � �� is also the price

that achieves the global maximum. We thus conclude that �rm 1�s best response

consists in P = ���; at P = ���, the bundle�s market share is one and therefore
lowering further the price does not increase the demand for the bundle.

Proposition 2. Suppose that Assumptions 1 and 2 hold. Under tying, we have a
unique equilibrium which involves tipping toward the bundle.

(i) The equilibrium prices are given by

eP � = �+ P � = �+ (� ��), epB�2 = 0:

(ii) Tying is pro�table:

e��1 = �+ (� ��) > � = �A�1

(iii) Both consumer surplus and social welfare decrease:

fCS� = CS� � (� ��) < CS�gSW �
= SW � �� < SW �

where CS� (SW �) is consumer surplus (welfare) without tying and fCS� (gSW �
) is

consumer surplus (welfare) under tying.

Firm 1 faces a trade-o¤. On the one hand, tying enables it to leverage the surplus

slack from the tying product to the tied product such that consumers coalesce around

its bundle. Hence it can expropriate the surplus from the network e¤ect, which is

equal to �. On the other hand, tying induces an aggressive response of �rm 2, which

lowers the price from � to zero. Then, as �rm 1�s product B is inferior by �,
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it should lower its price by �. To understand the negative price e¤ects of tying,

notice that consumers are indi¤erent between B1 and B2 at independent pricing

equilibrium. Holding pB2 �xed, a change to bundling with a bundle price equal to
the independently-priced price of A yields the same utilities for all consumers when

they all buy the bundle and the same pro�t for �rm 1. But once �rm 2 lowers its

price, �rm 1 is worse o¤.

In the presence of network e¤ects, tying is pro�table as we assume � > �. Notice

the role network e¤ects play in our model. Without network e¤ects (i.e., � = 0),

tying is not pro�table unless it leads to the exclusion of �rm 2. If �rm 2 has already

paid its sunk cost of entry or it has no avoidable �xed cost, tying will reduce the

tying �rm�s pro�ts by �, replicating Whinston�s (1990) result.

Carbajo et al. (1990) develop a model with heterogeneous consumers in the tying

market and focus on the case where the rivals�entry or exit decisions are not a¤ected

by tying as in our paper. In their model, tying can be pro�table because tying

serves as a mechanism to di¤erentiate the monopolist�s product in the tied good

market from that of its rival. Tying thus softens price competition and increases

both the tying �rm�s and rival �rm�s pro�ts. However, in our model tying intensi�es

price competition and the e¤ects on the pro�t from the altered behavior of the tied

market rival is negative. Nonetheless, tying can be pro�table through the changes

in the behavior of inframarginal consumers. In the presence of network e¤ects, the

existence of inframarginal consumers operates as a quasi-installled base that bestows

a strategic advantage in the positive feedback process, which eventually leads to

pro�table foreclosure of the rival �rm.

Tying reduces welfare by � as consumers adopt the inferior product B. Finally,

regarding consumer surplus, as tying reduces welfare by � and changes the total

industry pro�t from �+� to �+ (� ��), it reduces consumer surplus by � ��:

fCS� � CS� =
�gSW �

� SW �
�

| {z }
=��

�
�e��1 � �A�1 � �B�2

�
| {z }

=(��2�)

= �(� ��) < 0
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Remark 2. We have analyzed the e¤ects of tying under Assumption 2 that ensures
the stability if interior equilibrium. Suppose that network e¤ects are strong enough

that the demand system under tying is not stable and only the tipping equilibrium

exists under tying. We can derive the same result as long as we assume that the

consumer with the highest willingness to pay for product A strictly prefers the bundle

to product B2 only when prices are P = epB2 = 0:
u > �+ �:

Since this inequality implies that there is no tipping equilibrium toward product B2,

the only equilibrium is tipping toward the bundle at the prices eP � = � + � �� andepB�2 = 0, replicating the result in Proposition 2.

5 Partial Coverage and Mixed Bundling

In the previous section, we considered the case where the tying good market (A)

is covered under independent pricing. In that case, we showed that the market

equilibrium under pure bundling entails all consumers purchasing the bundle, leading

to foreclosure of �rm 2 in the tied market (B). In this section, we consider an

alternative scenario in which Assumption 1 is not satis�ed and thus market A is not

fully covered under independent pricing. In this alternative scenario, we cannot rule

out the possibility that the equilibrium under pure bundling may lead to an interior

equilibrium in market B with high type consumers purchasing the bundle while low

type consumers purchasing B2 only. In that case, we show that mixed bundling can

dominate pure bundling. The analysis in this section also indicates that our focus

on pure bundling in the previous section is without any loss of generality.

Note that our model does not require any commitment assumption about bundling,

in contrast to Whinston (1990) and most models of strategic leverage theory. This

means mixed bundling is a priori (weakly) the best strategy because it has more

pricing instruments; independent pricing and pure bundling pricing strategies can be

replicated with mixed bundling with a suitable choice of prices for the bundle and
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separate products. We delineate conditions under which mixed bundling is strictly

better than pure bundling and independent pricing. In particular, we analyze the

following mixed bundling strategy: in addition to selling the bundle at eP , it keeps
selling product B1 at epB1 , which could be sold to those whose willingness to pay
for product A is not high.11 This mixed bundling strategy enables �rm 1 to screen

consumers with respect to their willingness to pay for product A while maximizing

the leveraged network e¤ects for its product B1.

More speci�cally, consider an alternative case where Assumption 1 is violated and

thus market A is not fully covered under independent pricing: � < 1�G(0)
g(0)

= 1
g(0)
. In

this case, �rm 1 sets a price of pA�1 = �+p�, where p� satis�es the following condition.

p� =
1�G(p�)

g(p�)
� � (> 0): (9)

The mass of consumers buying product A without tying is given by 1 � G(p�): We

maintain Assumption 2.

Then, without tying, �rm 1 receives a pro�t of

��1 = �A�1 = (�+ p�)(1�G(p�)) =
[1�G(p�)]2

g(p�)
:

Firm 2�s pro�t is the same as in the previous section:

�B�2 = �:

We replace Assumption 1 with Assumption 3.

Assumption 3 (Partial Market Coverage).

1

g(0)
�G�1

�
� ��
2�

�
< � <

1

g(0)
:

The second inequality in Assumption 3 is simply the maintained assumption in

11In other words, B1 can be purchased independently. However, the purchase of B1 is required
to purchase A.
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this section that market A is not fully covered. The �rst inequality is a su¢ cient

condition for mixed bundling to dominate independent pricing as shown in Lemma

4 below. It guarantees that if all consumers of A under independent pricing pur-

chase the bundle, B1 o¤ers a higher utility than B2 even if all remaining consumers

purchase B2. That is, it is a dominant strategy to choose B1 over B2 if they are

o¤ered at the same price; � � (1�G(p�)) > �+ � �G(p�), which can be rewritten as
� � (1 � 2G(p�)) > �. This condition which ensures that enough consumers buy A

under independent pricing is more likely to be satis�ed if � is large and �
�
is small.12

We �rst show that mixed bundling leads to the foreclosure equilibrium in which

�rm 2 attracts no consumer even if it charges epB2 = 0. Due to network e¤ects in

market B, we can have multiple equilibria with mixed bundling depending on the

coordination assumption adopted by consumers. Nonetheless, we demonstrate that

under Assumption 3 mixed bundling with foreclosure is pro�table even under the

most pessimistic coordination assumption (i.e., stack the deck) against the tying

�rm. The pricing strategy we consider thus is robust in the sense that it guarantees

pro�table market foreclosure regardless of coordination assumptions in consumers�

purchase decisions; our foreclosure equilibrium is derived only with iterated domi-

nance.13

Given epB2 = 0, consider a mixed bundling strategy ( eP , epB1 ) that induces foreclosure
of B2, with consumers whose types are higher than ex purchasing the bundle and the
remainder purchasing B1 only. First, with a change of variables eP = � + P , we

�nd P that ensures that all consumers whose types are higher than ex purchase the
bundle with the process of iterated dominance as in the pure bundling case.

ex+ � [1�G(ex)] + v1 � P = �G(ex) + v2 (10)

Note that condition (10) is derived under the most pessimistic assumption for the

12See the proof of Lemma 4 in the Appendix for the derivation of the �rst inequality. If x is
uniformly distributed with g = 1=u over [0; u], the condition in Assumption 3 can be written as
(�+�)
2� u < � < u:
13If we adopt a di¤erent coordination assumption that is more favorable towards the tying �rm

(such as CPNE or coordination on the Pareto-superior outcome), the pro�t from tying is higher
and the condition in Assumption 3 can be further relaxed.
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tying �rm that all consumers who do not purchase the bundle buy the rival �rm�s

product B2.14 This means that given the bundle price of eP (= � + P ) = � + ex +
�(1� 2G(ex))��, there is at least a network size of [1�G(ex)] for B1.
Now let us analyze the decision of consumers whose types are lower than ex: If the

following condition holds, it is a dominant strategy to purchase B1 instead of B2; it

is better to purchase B1 even if all other consumers below ex purchase B2:
v1 + �(1�G(ex�))� epB1 � v2 + �G(ex�) (11)

or epB1 � �(1 � 2G(ex�)) � �: With the price of epB1 = �(1 � 2G(ex�)) � �;we can
also verify that the type ex is also indi¤erent between the bundle and B1 only, as we
assumed.

P � epB1 = ex
To summarize, the following prices guarantee market foreclosure of B2 with mar-

ket segmentation in which consumers whose types are higher than ex purchase the
bundle while those whose types are lower than ex purchase B1 only.

P (ex) = ex+ �(1� 2G(ex))��; epB1 (x) = �(1� 2G(ex))��:
Hence, e�1(ex) = (1�G(ex)) [P (ex) + �]| {z }

Pro�t from Bundle Sale

+ G(ex)epB1 (ex)| {z }
Pro�t from Sale of B1

Given a mixed bundling strategy of (P (ex), epB1 (ex)), it is useful to think of a �ctitious
price of A because the consumers who purchase the bundle are e¤ectively paying the

following price for A.

epA1 (ex)| {z }
�ctitious price of A

= eP (ex)� epB1 (ex) = �+ ex
14We can easily verify that at the bundle price derived under condition (10) the highest type has

a weakly dominant strategy to buy the bundle which start the process of iterated dominance.
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This exercise facilitates the comparison of pro�ts under mixed bundling and indepen-

dent pricing. With the apparatus of a �ctitious price for A, we can rewrite the tying

�rm�s pro�t (when the marginal type for the bundle purchase is ex) as follows. Note
that product B can be sold as part of the bundle as well as a stand-alone product

with all consumers purchasing it.

e�1(ex) = (1�G(ex))epA1| {z }(ex) +

Pro�t from Sale of A

epB1 (ex)| {z }
Pro�t from Sale of B

(12)

= [(1�G(ex))(�+ ex)] + [�(1� 2G(ex))��] (13)

For instance, if �rm 1 chooses eP and epB1 to implement ex = x�(= p�), where x� is

the marginal type in market A under independent pricing, �rm 1�s pro�t with mixed

bundling is e�1(x�) = �A�1 + epB1 (x�)
Therefore, tying that implements ex = x� is pro�table if epB1 (x�) = [�(1� 2G(x�)��] >
0. To gain insight on the sign of epB1 (x�), let us decompose epB1 (x�) as
epB1 (x�) = �(1�G(epB1 (x�)))| {z }

Leverage of Network E¤ects

from Consumers Purchasing the Bundle

�
�
�+ �G(epB1 (x�))�| {z }

Price Concession Needed

to Win in Market B

(14)

In competition against B2, the tying �rm receives a strategic advantage in terms of

the quasi-installed base e¤ect from the consumers who purchase the bundle, which

is represented by the �rst term in (14). However, to win against a superior prod-

uct B2, the price needs to be reduced by �: To make the purchase of B1 to be a

dominant strategy and guarantee market foreclosure of B2 under any coordination

assumptions, a further concession of �G(epB1 (x�) is needed.15 These two negative

e¤ects are captured by the second term in (14). The next lemma shows that the �rst

term dominates the second one under Assumption 3, which makes mixed bundling

15If we adopt an alternative coordination assumption such CPNE, market foreclosure can be
achieved with a higher price of epB1 (x�) and mixed bundling can be more pro�table.
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pro�table.

Lemma 4. Under Assumptions 2 and 3,
(i) Without tying, �rm 1 chooses x� = p� > 0 and hence some consumers are

excluded from the consumption of the monopoly product.

(ii) Firm 1 can strictly increase its pro�t with mixed bundling at the prices eP =
(� + p�) + �(1 � 2G(p�)) � � and epB1 = �(1 � G(p�)) � � even if �rm 2 choosesepB2 = 0.
Proof. See the Appendix.

More generally, the optimal choice of ex� is characterized by the following �rst
order condition: ex� = �(1�G(ex�))

g(ex�) � �

�
� 2�; (15)

where the terms in the square bracket appear under independent pricing. The term

�2� is new in comparison to independent pricing and its presence induces �rm 1 to

expand the market coverage of A relative to independent pricing: ex� < x�. This is

because a larger market coverage in market A through bundling can be leveraged

in market B with network e¤ects. The larger market share enhances the size of the

quasi-installed base for B1 at the expense of potential network size for B2.

From (15) we can conclude that the equilibrium is interior in the sense that not

all consumers buy the bundle (i.e. ex� > 0) if and only if � + 2� < 1
g(0)
. Otherwise,

we have a tipping equilibrium ( ex� = 0) toward the bundle with eP � = � + P � =

� + (� � �). In both cases, tying expands market A because ex� < x� under our

assumptions.

Proposition 3. Suppose Assumptions 2 and 3 hold. Then there is a unique equilib-
rium which involves mixed bundling and a zero market share for �rm 2.

(i) If � + 2� � 1
g(0)
, the equilibrium involves tipping toward the bundle at the

equilibrium prices given by

eP � = �+ (� ��); epB�2 = 0:
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(ii) Otherwise, only a measure of 1 � G(ex�) consumers buy the bundle whereas the
rest buy product B of �rm 1 at the prices given by

eP � = �+ ex� + �(1� 2G(ex�))�� = (1�G(ex�))
g(ex�) � �(1 + 2G(ex�))��

epB�1 = �(1� 2G(ex�))��, epB�2 = 0:

ex� satis�es (15) and the bundling expands the monopolized market as ex� < x�.

(iii) Mixed bundling is always pro�table.

It is worth discussing the mechanism and intuition behind our results. In our

model, bundling enables �rm 1 to leverage surplus slack of its monopoly product to

the competing product: it is as if �rm 1 already had an installed base advantage

in competition for product B. By contrast, under independent pricing with tip-

ping, the equilibrium market prices are independent of network e¤ects. In a tipping

equilibrium all consumers coordinate on the same product, and hence the network

bene�t component cancels out in consumers�choice decisions. With bundling, �rm

1�s market dominance is guaranteed in product B, which is akin to �rm 1 having an

installed base. This advantage increases with the strength of the network e¤ects.

We can contrast this result with Whinston�s (1990) result. As we can easily

verify, if the network e¤ects are absent, we replicate his result that bundling is not

pro�table; bundling only intensi�es price competition unless �rm 2�s exit is induced.

However, with the presence of network e¤ects, bundling can be pro�table even if

�rm 2 stays in the market and exerts competitive pressure on �rm 1. In our model,

bundling allows expropriation of the network bene�t component of consumers�utility

which would have been competed away with independent pricing. If network e¤ects

are su¢ ciently important to outweigh the negative price competition e¤ect, bundling

can be pro�table.

We now investigate welfare implications of mixed bundling in our model. In the

case where market A is covered under independent pricing (i.e., x� = 0), bundling is

pro�table, but always welfare-reducing. When market A is not covered (i.e., x� > 0),

however, there is an opposing welfare e¤ect of bundling: it expands the coverage of
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market A (ex� < x�). Welfare impacts thus can be ambiguous. More precisely, the

loss in welfare in market B, which is equal to �, should be compared to the increase

in welfare in market A:

gSW �
� SW � =

Z x�

ex� (x+ �)g(x)dx| {z }
Market Expansion E¤ect in A

� �|{z}
E¢ ciency Loss in B

Proposition 4. The welfare e¤ect of the mixed bundling is ambiguous as the negative
e¤ect of e¢ ciency loss by � in market B needs to be compared with the positive e¤ect

of expansion in market A.

To explore further how the market expansion e¤ect depends on key parameters

of the model, consider �rst the case in which market A is not fully covered even

with mixed bundling (i.e., ex� > 0 with � + 2� < 1
g(0)
). In this case, note thatex� is decreasing in �, whereas x� is independent of �. This implies that the market

expansion e¤ect is positively related to �: In contrast, if market A is fully covered with

mixed bundling (i.e., ex� = 0), ex� is invariant in both � and � as long as �+2� � 1
g(0)
,

whereas x� is decreasing in �. As a result, the extent of market expansion, x� � ex�,
decreases in � when market A is fully covered with mixed bundling. We illustrate

these e¤ects with a uniform distribution of x.

Example 1. For the uniform distribution case with u = 1, we can derive closed

form expressions for welfare analysis. More speci�cally, Assumptions 2 and 3 can be

written as � < � < 1
2
and (�+�)

2�
< � < 1, respectively. Under independent pricing

we have x� = (1� �)=2 and

SW =
3

8
(�+ 1)2| {z }
SWA

+ v2 + �| {z }
SWB

With bundling, we consider two cases.

(i) If �+2� < 1, only some consumers buy the bundle and market A is not fully
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covered with ex� = 1���2�
2

(< x� = 1��
2
).

gSW =
(3 + 3�� 2�)(1 + �+ 2�)

8| {z }gSWA

+ v1 + �| {z }gSWB

(ii) If �+ 2� � 1, all consumers buy the bundle and market A is fully covered (i.e.,ex� = 0). gSW = �+
1

2| {z }gSWA

+ v1 + �| {z }gSWB

Taken together, we have

gSW � SW =

��(1+���)
2

if �+ 2� < 1
(1+3�)(1��)

8
if �+ 2� � 1| {z }

Market Expansion E¤ect in A

� �|{z}
E¢ ciency Loss in B

We can easily con�rm that the positive market expansion e¤ect is increasing in �

when market A is not covered with mixed bundling and decreases in alpha when

market A is covered with mixed bundling under Assumptions 2 and 3.

We now investigate the e¤ects of mixed bundling on consumer welfare. Consumer

welfare under independent pricing can be written as the sum of consumer surplus in

market A and market B.

CS =

Z u

x�
[1�G(x)]dx| {z }

CSA

+ v1 + �| {z }
CSB=(v2+�)��

(i) If � + 2� � 1
g(0)
, market A is covered and all consumers purchase the bundle

at the price of eP � = �+���. In this case, it is useful to think that consumers pay
a (�ctitious) prices of epA�1 = � for product A and epB�1 = � �� for product B1, with
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eP � = epA�1 + epB�1 : Then,

fCS� = Z u

0

[1�G(x)]dx| {z }fCSA
+ v1 +�| {z }fCSB=(v1+�)�(���)

We have fCS � CS =

Z x�

0

[1�G(x)]dx| {z }fCSA�CSA>0
+ (�� �)| {z }fCSB�CSB<0

Tying increases consumer surplus in market A by expanding the market size with

a lower (�ctitious) price, but decreases consumer surplus in market B. The overall

e¤ect depends on the relative magnitude of these two opposing e¤ects. Consumers

are more likely to su¤er from tying if � is higher because it will reduce the positive

market expansion e¤ect in market A. A higher � also makes tying less favorable for

consumers. With independent pricing, the network-augmented utility term (repre-

sented by �) is competed away and passed onto consumers, but is expropriated by

the tying �rm with mixed bundling. In contrast, an increase in � directly increases

consumer surplus under mixed bundling. The reason is that � (quality advantage

of B2 over B1) is captured as a pro�t by �rm 2 under independent pricing. However,

under tying, as �rm 2 charges zero price, � is fully compensated by the tying �rm to

induce consumers to purchase the inferior product B1 as part of the bundle. Thus,

the e¤ects of � on social welfare and consumer surplus are opposite.

(ii) If � + 2� < 1
g(0)
, only a measure 1�G(ex�) of consumers buy the bundle (at

the price of P
�
= ex�+�(1�2G(ex�))��), whereas the rest buying product B of �rm

1 (at the price of epB�1 = �(1� 2G(ex�))��). In this case, we can de�ne a �ctitious
price of A by �rm 1 as epA�1 = eP �� epB�1 . In other words, we treat consumers who

purchase the bundle at the price of eP as if they pay an e¤ective price of epA1 andepB1 , respectively, for products A and B1. With a change of variables, ep� = epA�1 � �,

we have ep� = P
�� epB�1 = ex�: Then, we can decompose the total consumer surplus

into (�ctitious) consumer surplus in market A and consumer surplus in market B.
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fCS� = �Z u

ex� [1�G(x)]dx

�
| {z }fCSA

+
�
v1 + � � epB�1 �| {z }fCSB

Thus, we have

fCS � CS ==

Z x�

ex� [1�G(x)]dx| {z }fCSA�CSA>0
+ [�� �(1� 2G(ex�)]| {z }fCSB�CSB<0

Once again, the e¤ects of tying on total consumer surplus depend on the relative

magnitudes of two opposite e¤ects in markets A and B.

Example 2. For the uniform distribution case with u = 1,

CS =
(�+ 1)2

8| {z }
CSA

+ v1 + �| {z }
CSB

(i) If �+ 2� � 1; fCS� = 1

2
+ v1 +�

In this case, we have

fCS � CS =

�
1

2
� (�+ 1)

2

8

�
| {z }fCSA�CSA>0

+ [�� �]| {z }fCSB�CSB<0
(ii) If �+ 2� < 1,

fCS� = (1 + �+ 2�)2

8| {z }fCSA
+ [v1 + �(1� �� 2�) + �]| {z }fCSB
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We thus have

fCS� � CS =
�(1 + �+ �)

2| {z }fCSA�CSA>0
+ [�� �(�+ 2�)]| {z }fCSB�CSB<0

=
�(1� �� 3�)

2
+ �;

In both cases,
�fCS� � CS

�
is decreasing in � and increasing in �. However, the

impact of � on the changes in consumer surplus can be ambiguous because an increase

in � can expand the coverage of market A more when it is not fully covered even under

mixed bundling.

In summary, an increase in � induces �rm 1 to serve more consumers in market

A and leaves more consumer surplus to inframarginal consumers under independent

pricing. This creates more incentives for �rm 1 to engage in tying to extend its

monopoly power to adjacent markets with network e¤ects. However, social welfare

and consumer surplus move in the opposite direction because the room for positive

market expansion gets exhausted with an increase in �.

6 Complementary Products

In the baseline model, we have analyzed independent products. In this section, we

consider complementary products. In line with the Chicago school logic, we �rst

show that tying is not a pro�table strategy as a leverage mechanism to suppress

competition in complementary product markets. However, if we consider inferior

and competitively supplied alternatives to the tying product as in Whinston (1990),

we can reestablish the possibility of anticompetitive, but pro�table, tying for com-

plementary products. One major di¤erence from Whinston (1990) is, once again,

we do not rely on the commitment assumption and subsequent exit of the rival �rm

in the tied product market. The robustness and applicability of our model to the

complementary products case is important because most antitrust cases in tying for

markets with network e¤ects entail complementary products.
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6.1 The Basic Model

We consider a setting that parallels the baseline model except that products are now

complementary. For the purpose of exposition, consider product A as the primary

product whereas B is an add-on product, that is, for the use of product B, product

A is necessary; without A, product B is of no use. For instance, product A can be

considered as an operating system whereas B is application software. App stores (A)

that are required to download apps (B) can be another example.

When products are sold independently, consumers can use one of the two system

products, (A;B1) and (A;B2), depending on which �rm�s product B is used. To

simplify the analysis, let us assume that consumers� valuations for the combined

productsA�B1 andA�B2 are respectively given by u+(v1+�N1) and u+(v2+�N2),

where u = (�+x) 2 [�; �+u] with x distributed on [0; u] according to a c.d.f. G and
a strictly positive density g, and� � v2�v1 > 0 as in the independent products case.
We �rst show that for the complementary products case, �rm 1 has no incentive to

tie for the purpose of eliminating competition in product market B. We maintain the

same parametric assumptions (i.e., Assumptions 1 and 2) made in the independent

products case.

In the absence of the competitor B2; �rm 1�s optimal price would be any combi-

nations of pA1 and p
B
1 such that p

A
1 + pB1 = �+ v1+� and pA1 � � under Assumption

1.16 Firm 1�s pro�t in the absence of any competitors is � + v1 + �. With com-

plementary products, tying automatically forecloses �rm 2 becaue B2 has no value

as a stand-alone product. Therefore, �rm 1 can behave as if it is a monopolist in

both markets under tying. The tying pro�t is the same as the one without any

competitiors, i.e., e�1 = �+ v1 + �:

Now consider the e¤ects of �rmB2�s presence on �rm 1�s pro�t under independent

pricing. In the presence of a more e¢ cient rival �rm in market B, �rm 1 can actually

charge a price below its cost for product B1 with a corresponding price increase for

the complementary product A, which leaves the total price for A�B1 combination

constant at � + v1 + �: Given this pricing strategy, �rm 2�s optimal response is to

16For this result, we actually need a less stringent assumption, which is �+ v1 + � > 1=g(0):
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reduce its own price below � to be able to sell to consumers. This leads to an

outcome in which �rm 1 can extract the more e¢ cient rival �rm�s e¢ ciency bene�ts

through a higher price of the monopolized complementary product.

In fact, there is a continuum of Nash equilibria due to �rm 1�s ability to "price

squeeze" and extract a portion of the surplus � (Choi and Stefanadis, 2001). More

precisely, there is a continuum of equilibria parameterized by � 2 [0; 1], which rep-
resents the degree of price squeeze exercised by �rm 1:

bpA1 = �+ v1 + � + ��; bpB1 = ���, bpB2 = (1� �)�

Without tying, �rm 1�s pro�t is given by �1 = � + v1 + � + �� � e�1; all equilibria
under independent pricing yields a higher pro�t than that under tying unless � = 0

(in which case the pro�ts are the same), establishing the Chicago school argument.

Proposition 5. Consider the case of perfect complements where �rm 1 is a monop-

olist in market A. There is no incentives for tying as a mechanism to monopolize

market B.

6.2 An Inferior Alternative Product in the Tying Market

Pure monopoly with absolutely no competitive products is rare. We thus consider a

more realistic case where there is an inferior alternative product that is competitively

supplied at the marginal cost of zero.17 We now call �rm 1�s product in the tying

market A1 while the alternative product is called A2. To maintain mathematical

isomorphism between the complementary and independent product cases, we nor-

malize consumers�valuations for the combined products that include this alternative

A2�B1 and A2�B2 to (v1 + �N1) and (v2 + �N2); respectively.18

17The assumption of competitvely supplied alternative is for simplicity. It can be supplied by a
�rm with market power.
18We can allow a more general utility speci�caton by assuming that consumers�valuations for

the combined products A2�Bj is given by u0+(vj+�Nj) for j = 1; 2 with u0 < u: For instance, we
can assume that u0 = �0 + (1� �)x with �0 < � and 1 > � � 0 without qualitatively changing any
results, where (�� �0) and � represent the degree of quality inferiority for the alternative product.
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6.2.1 No tying

Consider the following price con�gurations in which �rm 1 charges pA1 = � and

pB1 = 0 for its two component products whereas �rm B2 charges pB2 = �: Given

these prices, all consumers purchase A1 and B2 and �rm 1�s pro�t is given by �:

We now demonstrate that in the presence of an alternative product in market A, the

strategy of "price squeeze" is not pro�table for �rm 1. To see this, consider the best

scenario of perfect price squeeze for �rm 1 with pB1 = �� and p2 = 0 and �rm 1

charges pA1 : Consumers of type x chooses A1 over A2 if

�+ x� pA1 � 0

With a change of variables p = pA1 � �, the market share for �rm 1 in market A

is given by

sA1 =

8><>:
0 if p > u

1�G(p) if 0 � p � u

1 if p � 0

It can be easily veri�ed that the optimal price under Assumption 1 is that pA1 = �

with a pro�t of �: Even if �rm 1 succeeds in price squeeze in market B, it is unable to

raise the price of its complementary product in the presence of an inferior alternative;

only consumers reap the bene�t of the price squeeze. In fact, the strategy of price

squeeze is a weakly dominated strategy for �rm 1 because in the (o¤-the-equilibrium)

event of selling its own component B1, its overall pro�t is reduced; it is selling B1 at

a loss without any o¤setting bene�ts from market A. The idea of pro�table "price

squeeze" for complementary products case relies on the monopoly producer�s ability

to increase the price of its monopolized product when the complementary product

price is squeezed. However, this ability is constrained in the presence of an alternative

product A.

Proposition 6. Suppose Assumption 1 holds. In the presence of an inferior alter-
native, the market equilibrium for the complementary products case is identical to

the one for the independent products case.

35



(i) In market A, �rm 1 charges pA�1 = � and receives a pro�t of �A�1 = �.

(ii) In market B, �rm 1 charges pB�1 = 0 and �rm 2 charges pB�2 = �; �rm 2�s

pro�t is �B�2 = �.

Our analysis indicates that the analysis of complementary products case closely

parallels with that of independent products, with the inferior alternative in the tying

good market playing the role of no purchase option in the independent products case.

We next show that the same logic applies in the tying case.

6.3 Tying

In the presence of tying, let eP be the price of the bundle of �rm 1 and let epB2 be
the price of �rm 2�s product B2. Note that A2 is provided competitively at the

price of zero. In the complementary products case, we can interpret tying as �rm

1�s decision to make its product A1 incompatible with product B2. With a change

of variables, de�ne P = eP � �: Given a pair of prices
�
P; epB2 �, any equilibrium in

consumers�choices has the cut-o¤ property as the independent products case. With

this formulation, we can immediately see that in the presence of an alternative inferior

product in the tying market, the case of complementary products is isomorphic to the

case of independent products. There is a unique equilibrium, which involves tipping

toward the bundle. We thus can derive the following proposition that parallels an

earlier result for the independent products case.19

Proposition 7. Suppose assumptions 1 - 2 hold. Under tying with complementary
products, we have a unique equilibrium which involves tipping toward the bundle.

(i) The equilibrium prices are given by

P � = �+ eP � = �+ (� ��), epB�2 = 0:

19All proofs follow verbatim from those in the independent products case. Even if we use a more
general utility speci�cation for bundles that include an inferior alternative, we require only minor
modi�cations in the proofs.
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(ii) Tying is pro�table:

e��1 = �+ (� ��) > � = �A�1

(iii)Both consumer surplus and social welfare decrease:

fCS� = CS� � (� ��)� �� < CS�gSW �
= SW � �� < SW �

where CS� (SW �) is consumer surplus (welfare) without tying and fCS� (gSW �
) is

consumer surplus (welfare) under tying.

7 Applications and Conclusion

In this paper, we have developed a leverage theory of tying in markets with network

e¤ects. We �rst analyze incentives to tie for independent products. When a

monopolist in one market cannot fully extract the whole surplus from consumers,

tying can be a mechanism through which the unexploited consumer surpluses are

used as a demand-side leverage to create a strategic "quasi installed-base" advantage

in another market characterized by network e¤ects. Our mechanism does not require

the commitment assumption with technical tying. Tying can lead to the exclusion

of more e¢ cient rival �rms in the tied market, but expand the tying good market

if the latter market is not fully covered with independent pricing. We also extend

our analysis to the complementary products case. By allowing the existence of

inferior alternatives as in Whinston (1990), we show that the setup of complementary

products is mathematically identical to that of independent products. We also

discuss welfare implications of tying.

Our analysis can be used to develop a theory of harm for tying cases when network

e¤ects are critical in the determination of the market winner. For instance, our model

can shed light on the recent antitrust investigation concerning Google�s practices in

the MADA (Mobile Application Distribution Agreement) contracts. In particular,
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the EC decision has concluded that Google has engaged in illegal tying by requiring

Android OEM "manufacturers to pre-install the Google search app ..., as a condition

for licensing Google�s app store (the Play Store)."20 Google�s Play Store can be

considered the tying product as a "must-have" app, with other third party app stores

being inferior alternatives. In the search market, Google faces competition from other

search engines and there are network e¤ects, in particular, for rare queries.21

The model can also be applicable to the Microsoft case in Europe (IP/04/382)

in 2004. The European Commission held Microsoft guilty of an abuse of dominant

position by "tying its Windows Media Player (WMP), a product where it faced

competition, with its ubiquitous Windows operating system."22 Microsoft had a near

monopoly position in the PC operating system market with over 90 percent of market

share. We can consider Linux as an inferior alternative to Microsoft�s Windows OS

in the tying market. With respect to the WMP case, the media player market can

be considered as the tied market in which Microsoft faced competition (from �rms

such as RealPlayer) and network e¤ects are critical. More precisely, the media player

market can be considered a two-sided market with indirect network e¤ects. If more

content is provided in the format of a particular company, then more consumers will

use the company�s Media Player to access such content. Moreover, if more consumers

select a particular company�s Media Player, then content providers will obviously

have an incentive to make their content available in the format of the company.23

Our model assumes direct network e¤ects in the tied market, but can be considered

20See the European Commission Press Release "Antitrust: Commission �nes Google e4.34 bil-
lion for illegal practices regarding Android mobile devices to strengthen dominance of Google�s
search engine," released on July 18, 2018. Available at http://europa.eu/rapid/press-release_IP-
18-4581_en.htm.
21In this Google example, we can interpret the buyers as distributors (phone OEMs/carriers) and

the search purchase as which search engine gets to be the default on the device. See Schäfer and
Sapi (2020) for empirical evidence of network e¤ects in Internet search.
22The case also involved Microsoft�s conduct of "deliberately restricing in-

teroperability between Windows PCs and non-Microsoft work group servers."
https://ec.europa.eu/commission/presscorner/detail/en/IP_04_382
23The Korean Fair Trade Commission also �ned Microsoft 33 billion won (US$32 million) for

abusing its market dominant position by bundling Windows OS with its instant messaging (IM)
program as well as WMP. For the messenger case, the tied market market is characterized by direct
network e¤ects as in our model.
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capturing such feedback e¤ects of two-sided markets in a reduced form.24

We developed our model in the context of one-sided markets. However, as shown

in the Appendix, our model is mathematically equivalent to the one with two-sided

tying market with advertising revenues (with a reinterpretation of � as per-consumer

advertising revenue). This has important implications for recent antitrust debates on

two-sided digital platforms. We showed that welfare impacts of tying depend on the

relative magnitudes of positive market expansion e¤ects and negative market fore-

closure e¤ects of more e¢ cient �rms. When advertising revenue is important (i.e.,

� is high) and services are already provided for free, as is common for many digital

platforms, our model indicates that there are more incentives to engage in tying to

leverage unexploited consumer surplus. In that case, however, there are no more

socially bene�cial market expansion e¤ects. Therefore, the e¤ects of tying are more

likely to be anticompetitive in such a case. In addition, the negative e¤ects on con-

sumer surplus will be more pronounced as network e¤ects in the tied market become

more important. This implies that more scrutiny is warranted when ad-�nanced

digital platforms engage in tying with another products or services characterized by

network e¤ects.
24See Choi and Jeon (2021) for an analysis of tying that explicitly accounts for indirect network

e¤ects in two-sided markets.
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Appendix

An Equivalent Model with Two-Sided Tying Market

We show that our model is isomorphic to the one with two-sided tying market with

advertising revenues. More precisely, consider marketA where consumers�valuations

(u) are distributed on [�; �+ 1] according to G: In the absence of tying, the two

markets can be analyzed independently as we assume independent products. Let us

use a change of variable such that bu = u��; and bpA1 = pA1 �� with bG(u��) = G(u):

In market A, �rm 1 solves the following problem:

maxbpA1
�bpA1 + �

�
(1� bG(bpA1 ))

With this formulation, we have mathematically the same problem as the advertis-

ing model we analyzed. For instance, the condition that �rm 1 serves all consumers

with the price of bpA1 = 0 (i.e., pA1 = �) is given by

� � 1� bG(0)bg(0) =
1bg(0) :

The rest of the analysis is the same with a change of variables.

Proof of Lemma 4

We need to show that �(1 � 2G(p�) > �, where p� satis�es condition (9). The
required condition is equivalent to

G(p�) <
1

2

�
1� �

�

�
=
� ��
2�

:

As G is an increasing function, this condition is equivalent to

p� =
1�G(p�)

g(p�)
� � < G�1

�
� ��
2�

�
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This inequality is always satis�ed under Assumption 3 because 1�G(p�)
g(p�) < 1�G(0)

g(0)
=

1
g(0)

due to the monotone hazard rate assumption.

Proof of P = � �� as the Global Maximizer

If epB2 = 0, �rm 1�s FOC is

@e�1
@ex

�����epB2 =0 = �0(ex)(1�G(ex))� (�(ex) + �) g(ex)
= (1� 2�g(ex))(1�G(ex))� [(ex+ �(1� 2G(ex))��+ �]g(ex)
= [(1�G(ex))� (ex+ �)g(ex)| {z }

(�) at all ex>0
]� 2�g(ex)(1�G(ex))� [�(1� 2G(ex))��]g(ex) = 0(A1)

Suppose that there is a pro�table deviation against epB2 = 0 to some ex > 0. By

(A1) the best such deviation must have

�(1� 2G(ex))�� < 0: (A2)

Note that it requires the following condition to implement ex when epB2 = 0:
P = �(ex) = ex+ �(1� 2G(ex))��| {z }

(�)

So by (A2), we have

P < ex
This implies that �rm 1 could make more pro�t by deviating to independent pricing

at price p1=ex+� since it would sell the same number of units at a higher price. But
the best independent pricing yields pro�ts of �, which is a lower pro�t than ex with
tying. We thus have a contradiction.
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